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Abstract 

We consider close-packed dimers, or perfect matchings, on two- 
dimensional regular lattices. We review known results and derive new 
expressions for the free energy, entropy, and the molecular freedom 
of dimers for a number of lattices including the simple-quartic (4 4 ), 
honeycomb (6 3 ), triangular (3 6 ), kagome (3 • 6 • 3 • 6), 3-12 (3 • 12 2 ) 
and its dual [3 • 12 2 ], and 4-8 (4 • 8 2 ) and its dual Union Jack [4 • 8 2 ] 
Archimedean tilings. The occurrence and nature of phase transitions 
are also analyzed and discussed. 



Key words: Close-packed dimers, two-dimensional lattices, exact results, 
phase transitions. 
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1 Introduction 

A central problem in statistical physics and combinatorial mathematics is 
the enumeration of close-packed dimers, often referred to as perfect match- 
ings in mathematical literature, on lattices which mimics the adsorption of 
diatomic molecules on a surface [l j . A folklore in lattice statistics states that 
close-packed dimers can always be enumerated for two-dimensional lattices. 
Indeed, the seminal works of Kasteleyn [2] and Fisher and Temperley [3J E] 
on the simple-quartic lattice produced the first exact solution. However, a 
search of the literature indicates that very little else has been published. 
This paper is an attempt to clarify the situation. Here we review known re- 
sults and derive new expressions for the free energy, entropy, and molecular 
freedom for various Archimedean two-dimensional lattices. We also discuss 
analytic properties of the free energy. As we shall see, the task is not straight- 
forward as previously thought, and the enumeration for many Archimedean 
lattices still remain open. 

We consider a regular two-dimensional array of N (= even) lattice points 
which can be covered by N/2 dimers in the large N limit. Denote the dimer 
weights by {z^ and define the generating function 

£ IK C 1 ) 

dimer coverings i 

where the summation is over all dimer coverings and rii is the number of 
dimers with weight Zj. For a large lattice Z({zi}) is expected to grow expo- 
nentially in N. Our goal is to compute the "free energy" per dimer 

/({*})= Hm hnZ({z t }). (2) 
Setting zi = 1, the numerical value 

S = f({l}) (3) 
is the entropy of adsoptions of diatomic molecules and 

W=\im [Z N ({1})] 2/N = e s (4) 

N— »oo 

is often known as the per-dimer molecular freedom. These are quantities of 
primary interest in mathematics, physics, and chemistry. 1 

1 In some earlier papers relevant quantities are defined on a per lattice site basis with 

Wpersite = VW , etc. 
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The following two integration formulas are useful for our purposes: 

— / dd ln(2A + 2B cos 9 + 2C sin 9) = \n[A + VA 2 - B 2 - C 2 ] (5) 

for real A,B,C, and 

1 f 27r 

— d9ln\A + Be i6 \ =lnmax{\A\,\B\} (6) 
2vr Jo 

for real or complex A and B. 

We have also the following result which holds generally for any graph, 
planar or not: 

Proposition: Let G be a bipartite graph consisting of two sets of equal 
number of vertices A and B, with vertices in A connected only to vertices 
in B, and vice versa. Let G* be a graph generated from G by adding edges 
connecting vertices within one set. Let Zq and Zq* be the respective dimer 
generating functions. Then we have the identity 

Z G * = Z G . (7) 

Namely, the addition of edges connecting vertices within one set of vertices 
in a bipartite graph does not alter the dimer generating function. 

Proof. Let the inserted edges connect A vertices. In any dimer config- 
uration in G*, every B vertex must be covered by a dimer and this dimer 
must end at an A vertex. Since the numbers of A and B sites are equal, 
these AB-dimers cover all vertices. Thus, the inserted edges do not enter the 
picture. Q.E.D. 

In ensuing sections individual lattices are considered in separate sections. 
The Archimedean nomenclature [5] of tilings are also indicated. 

2 The simple-quartic lattice (4 4 ) 

For a simple-quartic lattice with uniform dimer weights Z\ and z 2 in the two 
(horizontal and vertical) directions, we have [2] - jl] (see also section 4 below) 

f SQ (z 1 ,z 2 ) = — / d9 / rf01n[2(^ + z 2 2 - % 2 cos(^ + 0)-z 2 2 cos(0-0)]. 
° n Jo Jo 

(8) 
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The free energy /sq(^i, z 2 ) is regular in z\ and z 2 . 

Setting z\ = z 2 = 1 and making use of the integration identity we 



obtain 



S SQ = — / d6 d01n[4(l-cos#cos0)] 
71 " Jo Jo 



7T 



d#ln [2(1 + sin0)] 



4 z^/ 4 

d#ln(2cos( 



JO 

= -G (9) 

7T 

where the last step follows from the identity (4.224.5) of [7] and 

G = 1 - 3~ 2 + 5~ 2 - 7~ 2 H = 0.915 965 594 

is the Catalan constant. It follows that we have 

S SQ = 0.583 121 808... 

W SQ = 1.791 622 812... (10) 

3 The honeycomb lattice (6 3 ) 

Kasteleyn [Hj has pointed out that phase transitions can occur in dimer sys- 
tems with anisotropic weights and cited the honeycomb lattice as an example. 
The honeycomb dimer problem describes a modified KDP model whose sta- 
tistical property was later analyzed in details [HIE]- Here is a summary of 
the findings. 

Let Zi, z 2 , z 3 be the dimer weights along the three edge directions of the 
honeycomb lattice. We have [H] (see also section 4 below) 

/kc(zi, z 2 ,z 3 ) = ^-^ / dOj d(f)\n[zl + z% + z% + 2ziZ 2 cos6 

+2z 2 z 3 cos <p + 2z 3 z\ cos(6* — 0).] (11) 

When one of the dimer weight dominates so that z\,z 2 ,z 3 do not form a 
triangle, the free energy (jlljl is frozen and one has 

/hc(zi, Z2, z 3 ) = In Zi, Zi > Zj + z k , k distinct. (12) 
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The second derivatives of the free energy in the {z\, z 2 , ^j-space exhibit an 
inverse square-root singularity near the phase boundaries Z{ = Zj + Z\~. We 
shall refer to this singular behavior as the KDP-type transition. 

Setting zi = z 2 = z 3 = 1 and carrying out the 0-integration, we obtain 

I rift rift 

S HC = — del d01n[3 + 2cos# + 2cos0 + 2cos(#- 
° n Jo Jo 



i r i 

— / d9\n- 

4vr 2 



3 + 2cos#+ |l + 2 cos^l 



d#ln(2 + 2cosf 

-2vr/3 

2 ' d9 In (2 cos 9) 



An 



7T ^0 

= 0.323 065 947... (13) 
W uc = 1.381 356 444... (14) 

The resemblance of the last integral in (|13|) with that in Q is striking. We 
also remark that the entropy Sue is the same as that of the ground state of 
an isotropic antiferromagnetic Ising model JU] • The integral in (fTf]) was first 
obtained and evaluated by Wannier in a study of the latter problem more 
than half century ago |llj . 

Finally, we point out that the honeycomb free energy can also be evalu- 
ated when there exists a dimer-dimer interaction Analyses of the phase 
diagram and the associated critical behavior make use of the method of the 
Bethe ansatz and are fairly involved. Readers are referred to for details. 



4 The checkerboard square lattice 

The checkerboard lattice is a simple- quart ic lattice with anisotropic dimer 
weights zi,Z2,Z3 and z^ as shown in Fig. 1. Again, the solution of this 
problem was certainly known to Kasteleyn 6\ who cited that the model 
exhibits phase transitions. The solution has also been mentioned by Montroll 
|13j . and studied recently in some detail by Cohn, Kenyon and Popp [Ti] . 
Here we provide a concise analysis using previously known results on vertex 
models. 
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Orient lattice edges as shown for which it is known ^H] that the Kasteleyn 
clockwise odd sign rule {2J can be realized by setting z 2 — > iz 2 , z 4 — > iz 4 in 
the evaluation of the Pfaffian. This permits us to take unit cells of two lattice 
sites as shown in Fig. 1. Since the cells form a rectangular array, following 
the standard procedure [T3] one obtains its free energy given by the generally 
valid expression 



/({*}) = A 1^ d0 r #lndetF(0,0), (15) 

§7!" JO Jo 



where 



F{9,(j>) = M (0i0) + M (li0) e^ + a(-l,0)e- 4e + M (0il) e^ 

+ M (0> _i)e-^ + M (ljl) eW) + M^^e-W+V, (16) 

and the M's are matrices reflecting the orientation and connectivity of the 
edges. 

For the checkerboard lattice we have 2 

° Zl o 1 )' M ( i '°) = (-L 4 0)' M (-^) = (o 7 



, 0\ ( -iz 2 



z 3 oy -^-^ vo 

Explicitly, this leads to 



f C KB(zi,z 2 ,z 3 ,z 4 ) = -^ [* dO l % ' d<pin\ Zl -tz,e w + iz 2 e l4 > - z 3 e^\ 2 
8tt 2 Jo Jo 

— - / d9 / d</> In [~z 2 + z\ + 2? + z 2 + 2(z 1 z 4l - z 2 z 3 ) sin 9 
8vH Jo Jo 

—2(ziZ 2 — z 3 Z4) sin (ft — 2ziZ 3 cos(9 + (ft) — 2z 2 z i cos(9 — (f))] . (18) 



For zi = Z3, z 2 = z 4 the solution reduces to (JHJ) for the simple-quartic lattice 
with uniform weights, and for z 4 = the solution reduces to (|TT| for the 

2 The convention used here in writing down (|17J) is such that the direction to the right 
in Fig. 1 is the (1, Indirection. 
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honeycomb lattice. Comparing the second line of (j!8)) (after changing 9 — > 
7r/2 — 9, (j) — > 7r/2 — <fi) with Eq. (16) of [16], we see that the checkerboard 
dimer model is completely equivalent to a free-fermion 6-vertex model with 
weights 

UJi = Z4, UJ 2 = Z 2 , UJ 3 = Zi, C1J4 = Z 3 

LU 5 LUq = 0, LU 7 LU$ = Z1Z3 + Z 2 Z 4 . (19) 

To analyze the free energy it is most convenient to apply the integration 
formula © to the first line of (fTHj) . This gives 

1 f 2lT 

fcKB(zi, Z2, z 3 , z A ) = — J d9\nmax{\z 1 +iz 4 e~ ie \,\ iz 2 + z 3 e~ l6 \}. (20) 

It is then seen that the free energy /ckb is analytic in z iy except when one 
of the weights dominates so that Zi, z 2 , Zs, Z4 do not form a quadrilateral, 
namely, 

2z i >z 1 + z 2 + z 3 + z 4 , i= 1,2,3,4. (21) 
When this happens the free energy is frozen and 

/ckb(^i, Z2, z 3 , z^ = In Zi . (22) 

The free-fermion 6-vertex model with free energy (|2U|) has been studied 
in details by Wu and Lin [I7j. 3 It is found that, provided that either Z\ 7^ z 3 
or z 2 7^ Zi (or both), namely, it is not the uniform simple-quartic model 
discussed in section 2, the second derivatives of /ckb in the {zi, z 2 , z 3 , Z4}- 
space exhibit an inverse square-root singularity of the KDP-type transition 
near the phase boundary (J22|) . This shows that the uniform model of section 
2 is a unique degenerate case for which the free energy is analytic. 

5 The triangular lattice (3 6 ) 

The study of dimers on the triangular lattice has been of interest for many 
years (see, for example, [TH] - jH])- Although an edge orientation of the 

3 The model l|19|l is transformed into one discussed in after reversing all horizontal 
arrows in the vertex configurations. As found in |17j . results reported therein apply to 
uniform as well as staggered models. 
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triangular lattice satisfying the Kasteleyn clockwise-odd sign rule 2\ for a 
Pfafnan evaluation has been given by Montroll ^H], it seems that the closed- 
form expression of the solution appeared in print only very recently |201 
|2~T] . Here, we provide a derivation of the solution using the Montroll edge 
orientation and analyze its physical properties. 

Divide the lattice into unit cells containing two sites as shown in Fig. 2. 
Then, the free energy is given by the general expression (fTH|) with 

M *» = (A ) • M ^ = (I o) • "C-M> - (o 7 

M (o,D = (o I*), Af (0 ,_i) = 

^(i.D = (° o) • = ( n rT ) ■ ( 2 3) 
This leads to 



-Z2 


° 






(° 


-Z3 








= — del d(j)\n2[zl + zj + zl - z\ cos 0-2^ cos 2(j) + z\ cos(6» + 20)] 
° n Jo Jo 

= — - / da / <i/31n 2 [2^ + + ^3 + 2 i cos a + ^ cos (3 + z\ cos(a + (3)~\ , 
^ Jo Jo 

(24) 

where in the last step we have changed variables to a = 7r — 9, (3 = it — 2(f). 
The free energy (I24j) is of the form of that of a free-fermion 8-vertex model 
considered by Fan and Wu [TE]. Comparing (JMj) with Eq. (16) of [T6] . one 
obtains the free-fermion vertex weights uii, ■ ■ ■ ,u>s as given by 

2i 2i 2i 2 n/ 2 1 2i 2 

u; 1 + uj 2 + oo 3 + uj 4 = 2{z l + z 2 + z 3 



"3 J 

U1LU3 — LU2UJ4 = z\ 
UJ\UJi — U) 2 U)3 = z\ 
Co>3Co>4 — <JJ\UJ2 = z\ 

UJ 5 UJ 6 = U)xU) 2 

LUjUJg = UJ3UJ4. (25) 

It was found ^E] that the model exhibits a transition at the critical point 

(—U 1 +UJ 2 +UJ 3 +LU i )( y tUi—UJ2+^3 + ^ ! 'l)(^l+ UJ 2— Co> 3 + CU 4 ) (to>i +Co> 2 + Co> 3 — ^4) = , 

(26) 
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and that the transition is of a KDP-type transition with an inverse square- 
root singularity in the second derivative of the free energy if U1U2UJ3U4 = 0, 
and an Ising-type transition with a logarithmic singularity in the second 
derivative if 7^ 0. 

We can solve for the cu's by forming linear combinations of the equalities 
in (J23j) to obtain 



(—a?! + U2 + UJ3 + ^4) 
(a;i — u 2 + lu 3 + a> 4 ) 2 
(a?i + uj 2 ~ ^3 + cj 4 ) 2 

(cl>i + LU 2 + ^3 - ^4) 2 

This leads to the explicit solution 



A{z\ + z\ + zl 

Azl 

Az\. 



(27) 



U 2 



^3 



zi + z 2 - z 3 + \j zf + z% + zl 



zi + z 2 + z 3 - \l zf + z% + zl 



zi- z 2 + z 3 + \l zf + zl + zl 



- zi + z 2 + z 3 + \f z\ + z\ + zl 



(28) 



using which one verifies that we have ujiuj20J 3 uja 7^ 0. This implies that the 
triangular dimer model exhibits Ising-type transitions at 

Zi = 0, 1 = 1,2,3. (29) 

Namely, the uniform simple-quartic model discussed in section 2 is the critical 
manifold of the triangular model. 

Setting zi = z 2 = z 3 = 1, we obtain 



S> 



TRI 



I /*27r r2n 

— I da d/3\n [6 + 2 cos a + 2 cos/? + 2cos(a + f3)~\ 
n Jo Jo 



da In 



W 



TRI 



87T 
1 

2^ 

0.857 189 074 .. 
2.356 527 353... 







3 + cos a + V7 + A cos a + cos 2 a 



(30) 
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It is of interest to note that an integral similar to (|30j) . 



Si 



SPT 



— da d(3\n [6 — 2 cos a — 2cos/3 — 2cos(a + /?)] 
n Jo Jo ' 

3 — cos a + V7 — 8 cos a + cos 2 a 



4tt 2 
1 



7T 



<ia In 



o 



1.615 329 736 



(31) 



which gives the per-site free energy of spanning trees on the triangular lattice 
[2211231, is reducible to a simple numerical series akin to the Catalan constant. 
The reduction involves the mapping of the spanning tree problem to a Potts 
model and in turn to an F model on the triangular lattice [23- After some 
steps j2S] the spanning tree entropy (pTTj) becomes 



S 



3V3 



SPT 



7T 



(l - 5~ 2 + T 2 - ll- 2 + 13~ 2 - ...) = 1.615 329 736 ... (32) 



This suggests the possibility that other entropy expressions can perhaps be 
similarly reduced. 



6 The kagome lattice (3 • 6 • 3 • 6) 

The kagome lattice is shown in Fig. 3 with dimer weights zi,Z2,%3 along 
the 3 edge directions. The study of the molecular freedom for the kagome 
lattice has been a subject matter of interest for many years (see, for example, 
123123), but most of the studies have been numerical or approximate. 

The kagome free energy has been computed recently [2H] by using its 
equivalence to a staggered 8- vertex model solved by Hsue, et. al [2H|- The 
solution is found to be surprisingly simple and is given by 

/kg(«i, 22, 23) = g hi (4^i 22 z 3 )- (33) 

The solution (j33|) differs fundamentally from those of other lattices as it does 
not have a series expansion. This explains why most of other approaches, 
which are invariably based on series expansions, are not very effective. 4 

4 However, the series expansion scheme is recovered if one introduces further symmetry- 
breaking weights |2B]. 
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From (f3*3*|) we now have 
Skg 



-In 2 = 0.462 098 120. 
2 2 / 3 = 1.587 401 051... 



(34) 



7 The 3-12 lattice (3 • 12 2 ) 

The 3-12 lattice is shown in Fig. 4. We consider the case of six different 
dimer weights x, y, z, u, v, w. 

The 3-12 lattice has been used by Fisher ..30j in a dimer formulation of 
the Ising model. Using Fisher's edge orientation which we show in Fig. 4, 
one finds the free energy given by the general expression (JT5j) with 



F(e, 



( 


X 


z 





—we 





\ 


—x 





y 








— ve~ u 


s 


—z 


-y 





u 
















— it 





z 


y 




id 

we 








—z 





X 




\ o 


we** 





-y 


—x 





) 



(35) 



Namely, 



fa-vi(x,y,z;u,v,w) 

| j /*27T /"27T 

- ■ — / d& / In [off + u;f + u;§ + u;f + 2(co>iCo> 3 - ^^4) cos 6 1 
3 87r y J 

+2{ojiUJ i — ^2^3) cos</> + 2(co> 3 co> 4 — cjiu^) cos(6* — 0)1 (36) 



where the factor 1/3 is due to the fact that there are 3 dimers per unit cell, 
and 

UJ\ = X 2 U, UJ 2 = UVW, LU 3 = y 2 W, = z 2 v . (37) 

The free energy (J37|) is again of the form of that of a free-fermion 8- vertex 
model with vertex weights 00%, u 2 , uj 3 , co> 4 , oj^ojq = and u^Us = ujilu 2 and 

the critical point (|26jl . For the Ising model with interactions K\ and K 2 [30 , 
for example, we have x — y — z — u — 1, v — tanhi^i, w = tanhf^- It is 
then verified that the critical condition ui = uj 2 ~\~ oj% -\- U4 can be realized 
and gives the known Ising critical point 



sinh 27^1 sinh 2K 2 = 1. 



(38) 
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Finally, setting x — y — z - 

S3-12 
W3-12 



m = t; = w = 1, we obtain 

= - In 2 = 0.231 049 060.. 

3 

= 2 1/3 = 1.259 921 049... 



(39) 



8 The 4-8 lattice (4 • 8 2 ) 



Dimer models on the 4-8 lattice shown in Fig. 5 have been used to de- 
scribe phase transitions in physical systems (21] - [S3]- By setting u — v, 
for example, the dimer model describes the phase transition in the layered 
hydrogen-bonded SnCl 2 ■ 2H 2 crystal [32] • 

Orient the lattice as shown, and this leads to the free energy (J 15)) with 



F(9, 

Namely, 

U- 8 (x,y;u,v) 



f 





xe 


—v 


-u\ 




-xe~ ie 





u 


—v 




V 


—u 





ye** 


\ 


u 


V 







(40) 



»2tt r2n 

, , d9 ddln 
2 8tt 2 J q J 



2 2 , / 2 i 2\2 

x y + [u + v ) 
-2xyu 2 cos(6» + <p) - 2xyv 2 cos(6» - cp) . (41) 



The free energy f!40|) is also of the form of the that of a free-fermion 
8-vertex model JH] and exhibits an Ising type transition at 

xy. (42) 



2 i 2 
U + V 



Setting x = y = u = v = l, one obtains 

de 



1 



16tt 2 



dn 



5 — 2 cos( 



2cos(# - 



— - / d0 I d(j) In [5 — 4 cos 9 cos 
™ 2 Jo Jo 



Wa 



16vr 

1 /-t/2 

— / d9ln 
2 Wo 



0.376 995 650 ... 
1.457 897 968 ... 



5 + V25 - 16 cos 2 6 



(43) 
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9 The Union Jack lattice [4 • 8 2 ] 



The Union Jack lattice shown in Fig. 6(a) is the dual of the 4-8 lattice. It is 
constructed by inserting diagonal edges with weights u and v to a checker- 
board lattice. Since the checkerboard lattice is bipartite and the inserted 
diagonals connect vertices of one sublattice only, the Proposition established 
in section 1 now implies the identity 



That is, the solution for the Union Jack lattice is identical to that of a 
simple-quartic lattice as if the u, v edges were absent. Particularly, they 
have identical entropy and molecular freedom. 



The [3 • 12 2 ] tiling latt ice shown in Fig. 6(b) is the dual of the 3-12 lattice. It 
consists of two sets of vertices, set A vertices each of which having coordina- 
tion number 3 and set B vertices each having coordination number 12. The 
number of A vertices is twice that of B, and the A vertices are connected to 
B vertices only. 

The lattice [3 ■ 12 2 ] does not admit dimer coverings. This follows from 
the fact that in a proper dimer covering each A vertex must by covered by 
a dimer and the dimer must end at a B vertex. This means some B vertices 
will have more than one dimers and this is not possible. Thus, there is no 
proper dimer coverings and the generating function Z[ 3 . 12 2 ] is identically zero. 

11 Summary and Acknowledgments 

We have presented analytic and numerical results on the free energy, entropy, 
and molecular freedom for close-packed dimers on two-dimensional lattices 
which have unit cells arranged on a rectangular array. For the anisotropic 
checkerboard lattice the free energy is found to exhibit a KDP-type singular- 
ity, except in the degenerate case of uniform dimer weights the free energy is 
analytic. For the triangular lattice the free energy is analytic for nonzero Zi 
and is critical at Zi = 0. For 4-8 and 3-12 lattices the dimer models exhibit 
Ising-type transitions. 



Zvs(zi, z 2 , Z3, Z4, u, v) = Zckb(zi, z 2 , z 3 , Z4). 



(44) 



10 The [3 • 12 2 



I tiling lattice 
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Lattice 


Entropy S 


Molecular freedom 
W — p s 


Phase 

i~v a ti ci i~ ion c 


Honeycomb (6 3 ) 
Checkerboard (4 4 ) 
Triangular (3 6 ) 
Kagome (3 • 6 • 3 • 6) 

3- 12 (3 • 12 2 ) 

4- 8 (4 • 8 2 ) 
Union Jack [4 • 8 2 ] 
[3 • 12 2 ] 


0.323 065 947 
0.583 121 808 
0.857 189 074 
0.462 098 120 
0.231 049 060 
0.376 995 650 
0.583 121 808 
no dimer coverings 


1.381 356 444 
1.791 622 812 
2.356 527 353 
1.587 401 051 
1.259 921 049 
1.457 897 968 
1.791 622 812 
no dimer coverings 


KDP 
KDP 
Ising 
None 
Ising 
Ising 
Ising 
None 



Table 1: Summary of numerical results. Phase transitions occur for 
anisotropic dimer weights 



Numerical results on the entropy and molecular freedom are summarized 
in Table 1. We observe that the entropy is not necessarily a monotonic func- 
tion of the coordination number of the lattice. Analyses of other Archimedean 
tiling lattices still remains open. 

I would like to thank R. Shrock for introducing me to Archimedean tilings 
and for comments and a critical reading of the manuscript, J. Propp for 
calling my attention to Ref. [Ti] . and F. Hucht for pointing a numerical 
error in Eq. ()32|) in an earlier version of the manuscript. The assistance of 
W. T. Lu in preparing the figures is also gratefully acknowledged. Work has 
been supported in part by NSF Grant DMR-9980440. 
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Figure Captions 



Fig. 1. Edge orientation and unit cells of the checkerboard lattice. 
Shaded squares are repeated. Weights z 2 and z± are replaced by iz 2 and 
iz 4 inn the evaluation of the Pfaffian (see text). 
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2. 


Edge orientation and unit cells of the triangular lattice. 
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3. 


The kagome lattice. 
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4. 


Edge orientation and a unit cell of the 3-12 lattice. 
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5. 


Edge orientation and a unit cell of the 4-8 lattice. 


Fig. 
The [3 • 


6. 
12 


(a) The [4 • 8 2 ] Union Jack lattice, the dual of the 4-8 lattice, (b) 
2 ] lattice, the dual of the 3-12 lattice. 
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